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Abstract. This paper considers the longitudinal coupled vibration of an elastic bearing concrete 
pipe pile with the saturated soil. The outer and inner saturated soil are governed by the dynamic 
consolidation theory originally presented by Biot. The governing equations of soil are transferred 
to ordinary differential equations by Laplace transform. The volumetric strain and pore pressure 
of soil are obtained by directly solving the coupling equations of soil without introducing potential 
functions. The analytical expressions of the displacements and shear stresses of the soil are then 
obtained. The pile response is derived on the basis of 1D elastic theory and the perfect contacts 
between the pile and soils. The displacement and velocity of the pile in time domain are obtained 
by using numerical inverse transformation. Selected numerical results are presented to portray the 
influence of the existences of soils, pile geometry and dynamic permeability coefficients of soils 
on the vibration characteristics of the pipe pile. At last, the displacement response between a pipe 
pile and solid pile are compared. 
Keywords: concrete pipe pile, coupled vibration, saturated soil, velocity response. 
1. Introduction 
Many theories for pile dynamics have been developed to provide useful guidelines for 
engineering design of pile foundations and techniques for dynamic testing of piles. Nogami and 
Konagai [1, 2] used an approximate time domain method to compute the response of single piles 
subjected to harmonic excitation, and then extended the method to the response of pile groups. 
Gazetas et al. [3] developed a simple method for computing the dynamic steady-state axial 
response of floating pile groups embedded in homogeneous and non-homogeneous soil. Wang et 
al. [4] proposed an analytical solution for the vertical dynamic response of an inhomogeneous 
viscoelastic pile. The interaction between the pile and soil were simulated by Voigt model, 
therefore, the real coupled vibration between the pile and surrounding soil were not considered. 
Novak et al. [5] developed a plane strain model assuming an elastic layer consisting of many 
independent infinitesimally thin horizontal layers. This model reflected the fundamental 
characteristics of the interaction between the pile and the surrounding soil but neglected the strain 
of the soil in the vertical direction. Nogami and Novak [6] developed a more rigorous model of 
vertically loaded end-bearing pile by assuming that the surrounding soil has no radial displacement 
and considering the pile-soil interaction in the vertical direction. Militano and Rajapakse [7] used 
Laplace transform method to deduce the frequency domain solutions for an elastic pile subjected 
to transient torsional and axial loadings in multi-layered elastic soil, and then obtained the time 
domain solutions by using a numerical Laplace inversion procedure. Hung et al. [8] studied the 
Seismic behavior of pile in liquefiable soil by centrifuge shaking table tests. 
The above studies are based on the assumption that the soil around pile is a single phase 
continuum. However, the soil is generally a two-phase material consisting of a solid skeleton and 
pores, which are saturated with fluid. The first theory of wave propagation in saturated medium 
was established by Biot [9, 10]. Based on this theory, Zhou et al. [11] studied the vertical transient 
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dynamic response of a pile embedded in a poroelastic half-space. Using the differential operator 
splitting and variable separation method, Yu et al. [12] investigated the time-harmonic response 
of an end-bearing pile in elastic saturated soil layer. Wang et al. [13] studied the longitudinal 
vibration of an elastic bearing pile in saturated soil layer by using potential function method. 
Most of the previous studies focus on the solid pile. The concrete pipe piles are also widely 
used in practical engineering, such as prestressed concrete pipe piles and large-diameter 
cast-in-situ concrete pipe piles [14-16]. The dynamic response of a pipe pile is different from that 
of a solid pile because of the interaction between the pile and the inner soil. In this paper, an 
analytical solution for the longitudinal response of an elastic bearing concrete pipe pile in saturated 
soil is proposed. The frequency domain solution is obtained by directly solving the governing 
equations of soils without introducing potential functions. The time domain displacement and 
velocity responses of the pipe pile are obtained using numerical inverse transformation method. 
Numerical results are presented to analyze the longitudinal vibration characteristics of the concrete 
pipe pile. 
2. Governing equations 
The computational model is shown in Fig. 1. A dynamic longitudinal uniform pressure ݌(ݐ) is 
applied on the pile head. ܪ is the pile length. ݎଵ and ݎଶ are the outer and inner radii of the pile 
section, respectively. ߣଵ, ߣଶ, ߤଵ and ߤଶ are the complex Lame’s constants of the outer and inner 
soil, respectively. ߩଵ , ߩଶ , ݊ଵ , ݊ଶ , ݇ௗଵ  and ݇ௗଶ  are the densities, porosities and permeability 
coefficients of the outer and inner soil, respectively. ଵ݂  and ଶ݂  are the outer and inner soil 
resistances, respectively. It is assumed that the outer and inner soil are homogeneous and 
viscoelastic with frequency-independent material damping of the hysteretic type, and the soil 
medium is two-phase material consisting of incompressible soil grains and fluid. The pile is 
modeled by 1D elastic theory and has perfect contact with the outer and inner soil. The soil 
resistances under the soils and pile are modeled by the Winkler model, where the elastic 
coefficients under the outer soil, inner soil and pile are ݇ଵ, ݇ଶ and ݇௣, respectively. The initial 
displacements and stresses of the pile-soil system are considered as zero. 
 
Fig. 1. Computational model 
2.1. Governing equations of the outer soil 
Zienkiewicz et al. [17, 18] pointed out that the convective acceleration terms of the fluid can 
be neglected for computation convenience. The governing equations of the outer soil undergoing 
axisymmetric motion, in absence of compression of the solid matrix and pore fluid, can be written 
as [10]: 
ߤଵ∇ଶݑ௥ଵ + (ߣଵ + ߤଵ)
∂݁ଵ
∂ݎ − ߤଵ
ݑ௥ଵ
ݎଶ −
∂݌ଵ
∂ݎ = ߩଵݑሷ ௥ଵ, (1)
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ߤଵ∇ଶݑ௭ଵ + (ߣଵ + ߤଵ)
∂݁ଵ
∂ݖ −
∂݌ଵ
∂ݖ = ߩଵݑሷ ௭ଵ, (2)
− ∂݌ଵ∂ݎ = ߩ௙ݑሷ ௥ଵ +
ݓሶ ௥ଵ
݇ᇱௗଵ, (3)
− ∂݌ଵ∂ݖ = ߩ௙ݑሷ ௭ଵ +
ݓሶ ௭ଵ
݇ᇱௗଵ, (4)∂ݑሶ ௥ଵ
∂ݎ +
ݑሶ ௥ଵ
ݎ +
∂ݑሶ ௭ଵ
∂ݖ +
∂ݓሶ ௥ଵ
∂ݎ +
ݓሶ ௥ଵ
ݎ +
∂ݓሶ ௭ଵ
∂ݖ = 0, (5)
where: 
∇ଶ= ∂
ଶ
∂ݎଶ +
1
ݎ
∂
∂ݎ +
∂ଶ
∂ݖଶ , ݁ଵ =
∂ݑ௥ଵ
∂ݎ +
ݑ௥ଵ
ݎ +
∂ݑ௭ଵ
∂ݖ ,
ݑ௥ଵ  and ݑ௭ଵ  are the radial and vertical displacements of the solid phase of the outer soil, 
respectively; ݓ௥ଵ and ݓ௭ଵ are the radial and vertical relative displacements between the fluid and 
solid phase of the outer soil, respectively; ݌ଵ is the pore pressure of the outer soil; ݇ௗଵᇱ  is the 
dynamic permeability of the outer soil; ߩ௙ is the density of the pore fluid. 
2.2. Governing equations of the inner soil 
Similarly, the governing equations of the inner soil can be expressed as: 
ߤଶ∇ଶݑ௥ଶ + (ߣଶ + ߤଶ)
∂݁ଶ
∂ݎ − ߤଶ
ݑ௥ଶ
ݎଶ −
∂݌ଶ
∂ݎ = ߩଶݑሷ ௥ଶ, (6)
ߤଶ∇ଶݑ௭ଶ + (ߣଶ + ߤଶ)
∂݁ଶ
∂ݖ −
∂݌ଶ
∂ݖ = ߩଶݑሷ ௭ଶ, (7)
− ∂݌ଶ∂ݎ = ߩ௙ݑሷ ௥ଶ +
ݓሶ ௥ଶ
݇ᇱௗଶ, (8)
− ∂݌ଶ∂ݎ = ߩ௙ݑሷ ௥ଶ +
ݓሶ ௥ଶ
݇ᇱௗଶ, (9)∂ݑሶ ௥ଶ
∂ݎ +
ݑሶ ௥ଶ
ݎ +
∂ݑሶ ௭ଶ
∂ݖ +
∂ݓሶ ௥ଶ
∂ݎ +
ݓሶ ௥ଶ
ݎ +
∂ݓሶ ௭ଶ
∂ݖ = 0, (10)
where: 
݁ଶ =
∂ݑ௥ଶ
∂ݎ +
ݑ௥ଶ
ݎ +
∂ݑ௭ଶ
∂ݖ ,
ݑ௥ଶ  and ݑ௭ଶ  are the radial and vertical displacements of the solid phase of the inner soil, 
respectively; ݓ௥ଶ and ݓ௭ଶ are the radial and vertical relative displacements between the pore fluid 
and solid phase of the inner soil, respectively; ݌ଶ is the pore pressure of the inner soil; ݇ௗଶᇱ  is the 
dynamic permeability of the inner soil. 
2.3. Wave equation of the concrete pipe pile 
The motion of the concrete pipe pile is governed by the 1D elastic theory [19]: 
ܧ௣ܣ
∂ଶݑ௣
∂ݖଶ − 2ߨݎଵ ଵ݂ − 2ߨݎଶ ଶ݂ = ߩ௣ܣ
∂ଶݑ௣
∂ݐଶ , (11)
where ݑ௣(ݖ, ݐ) is the longitudinal displacement of the pile; ܧ௣, ߩ௣ and ܣ are the Young’s modulus, 
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mass density and section area of the pile, respectively. 
3. Solutions for the equations 
3.1. Solutions for the governing equations of the outer soil 
The differentiations ப(ଵ)ப௥ +
(ଵ)
௥ +
ப(ଶ)
ப௭  and 
ப(ଷ)
ப௥ +
(ଷ)
௥ +
ப(ସ)
ப௭  yield: 
∇ଶ݌ଵ = (ߣଵ + 2ߤଵ)∇ଶ݁ଵ − ߩଵ ሷ݁ଵ, (12)
∇ଶ݌ଵ =
ሶ݁ଵ
݇′ௗଵ − ߩ௙ ሷ݁ଵ. (13)
Performing Laplace transform on Eqs. (12) and (13) and combining them, one obtains: 
∇ଶܧଵ − ߚଵܧଵ = 0, (14)
where ߚଵ = ݇ௗଵᇱ (ߩଵ − ߩ௙)ݏଶ + ݏ ݇ௗଵᇱ (ߣଵ + 2ߤଵ)⁄ ; ܧଵ is the Laplace transform of ݁ଵ. 
The solution for Eq. (14) can be easily obtained as: 
ܧଵ = [ܣଵଵܭ଴(ݍଵଵݎ) + ܤଵଵܫ଴(ݍଵଵݎ)ሿ[ܥଵଵcos(gଵଵz) + ܦଵଵsin(gଵଵz)ሿ, (15)
where ݍଵଵଶ = ߚଵ + ଵ݃ଵଶ ; ܫ଴( ) and ܭ଴( ) are the first and second kind of modified Bessel functions 
of order zero, respectively. 
The boundary conditions for the outer soil can be expressed as follows: 
ߪ௭ଵ| ௭ୀ଴ = ݌ଵ| ௭ୀ଴ = 0, (16)
൭(ߣଵ + 2ߤଵ)
∂ݑ௭ଵ
∂ݖ + ݇ଵݑ௭ଵ൱อ
௭ୀு
= 0, (17)
ݑ௥ଵ| ௥→ஶ = ݑ௭ଵ| ௥→ஶ = ߪ௭ଵ| ௥→ஶ = 0, (18)
ݑ௥ଵห ௥ୀ௥భ = ݓ௥ଵห ௥ୀ௥భ = 0, (19)
where ߪ௭ଵ is the normal stress of the outer soil. 
It can be obtained from Eqs. (16)-(18) that: 
ܤଵଵ = ܥଵଵ = 0, (20)
and ଵ݃ଵ = ଵ݃௡ satisfy the following transcendental equation: 
tan( ଵ݃௡ܪ) =
݇ଵ
ଵ݃௡(ߣଵ + ߤଵ). (21)
Thus ܧଵ can be expressed as: 
ܧଵ = ෍ ܣଵଵ௡ܭ଴(ݍଵଵ௡ݎ)sin( ଵ݃௡ݖ)
ஶ
௡ୀଵ
. (22)
ଵܲ, the Laplace transform of ݌ଵ can be obtained from Eq. (12): 
ଵܲ = ෍[߯ଵܣଵଵ௡ܭ଴(ݍଵଵ௡ݎ) + ܣଵଶ௡ܭ଴(ݍଵଶ௡ݎ)ሿsin( ଵ݃௡ݖ)
ஶ
௡ୀଵ
, (23)
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where ߯ଵ = (ߣଵ + 2ߤଵ)ߚଵ − ߩଵݏଶ; ݍଵଶ௡ = ଵ݃௡. 
Substituting Eqs. (22) and (23) into Eqs. (1)-(5), the solutions for the displacements of the 
outer soil can be obtained as: 
௥ܷଵ = ෍[ߞଵଵ௡ܣଵଵ௡ܭଵ(ݍଵଵ௡ݎ) + ߞଵଶ௡ܣଵଶ௡ܭଵ(ݍଵଶ௡ݎ) + ܣଵଷ௡ܭଵ(ݍଵଷ௡ݎ)ሿsin( ଵ݃௡ݖ)
ஶ
௡ୀଵ
, (24)
௭ܷଵ = ෍ ൤ߞଵଷ௡ܣଵଵ௡ܭ଴(ݍଵଵ௡ݎ) + ߞଵସ௡ܣଵଶ௡ܭ଴(ݍଵଶ௡ݎ) −
ݍଵଷ௡
ଵ݃௡
ܣଵଷ௡ܭ଴(ݍଵଷ௡ݎ)൨ cos( ଵ݃௡ݖ)
ஶ
௡ୀଵ
, (25)
௥ܹଵ = ෍[ߜଵଵ௡ܣଵଵ௡ܭଵ(ݍଵଵ௡ݎ) + ߜଵଶ௡ܣଵଶ௡ܭଵ(ݍଵଶ௡ݎ)
ஶ
௡ୀଵ
 
       −݇ௗଵᇱ ߩ௙ݏଶܣଵଷ௡ܭଵ(ݍଵଷ௡ݎ)൧sin( ଵ݃௡ݖ),
(26)
௭ܹଵ = ෍[ߜଵଷ௡ܣଵଵ௡ܭ଴(ݍଵଵ௡ݎ) + ߜଵସ௡ܣଵଶ௡ܭ଴(ݍଵଶ௡ݎ)
ஶ
௡ୀଵ
 
       + ݇
ᇱௗଵߩ௙ݏଶݍଵଷ௡
ଵ݃௡
ܣଵଷ௡ܭ଴(ݍଵଷ௡ݎ)቉ cos( ଵ݃௡ݖ),
(27)
where: 
ߞଵଵ௡ =
ݍଵଵ௡(ߣଵ + ߤଵ − ߯ଵ)
ߤଵߚଵ − ߩଵݏଶ , ߞଵଶ௡ =
ݍଵଶ௡
ߩଵݏଶ , ߞଵଷ௡ =
ଵ݃௡(߯ଵ − ߣଵ − ߤଵ)
ߤଵߚଵ − ߩଵݏଶ , ߞଵସ௡ = −
ଵ݃௡
ߩଵݏଶ, 
ߜଵଵ௡ = ݇ௗଵᇱ ൫߯ଵݍଵଵ௡ − ߞଵଵ௡ߩ௙ݏଶ൯,   ߜଵଶ௡ = ݇ௗଵᇱ ൫ݍଵଶ௡ − ߞଵଶ௡ߩ௙ݏଶ൯, 
ߜଵଷ௡ = −݇ௗଵᇱ ൫߯ଵ ଵ݃௡ + ߞଵଷ௡ߩ௙ݏଶ൯, ߜଵସ௡ = −݇ௗଵᇱ ൫ ଵ݃௡ + ߞଵସ௡ߩ௙ݏଶ൯, ݍଵଷ௡ଶ =
ߩଵݏଶ
ߤଵ + ଵ݃௡
ଶ , 
 
௥ܷଵ, ௭ܷଵ, ௥ܹଵ and ௭ܹଵ are the Laplace transforms of ݑ௥ଵ, ݑ௭ଵ, ݓ௥ଵ and ݓ௭ଵ, respectively. 
Substituting Eqs. (24) and (26) into Eq. (19) yields: 
ܣଵଵ௡ = ߴଵଵ௡ܣଵଷ௡, (28)
ܣଵଶ௡ = ߴଵଶ௡ܣଵଷ௡, (29)
where: 
ߴଵଵ௡ =
(ߜଵଶ௡ + ߞଵଶ௡݇ௗଵᇱ ߩ௙ݏଶ)ܭଵ(ݍଵଷ௡ݎଵ)
(ߜଵଵ௡ߞଵଶ௡ − ߞଵଵ௡ߜଵଶ௡)ܭଵ(ݍଵଵ௡ݎଵ), ߴଵଶ௡ =
(ߜଵଵ௡ + ߞଵଵ௡݇ௗଵᇱ ߩ௙ݏଶ)ܭଵ(ݍଵଷ௡ݎଵ)
(ߞଵଵ௡ߜଵଶ௡ − ߜଵଵ௡ߞଵଶ௡)ܭଵ(ݍଵଶ௡ݎଵ). 
The vertical displacement of the outer soil at the interface between the outer soil and the pile 
can be expressed as: 
௭ܷଵห ௥ୀ௥భ = ෍ ߦଵ௡ܣଵଷ௡cos( ଵ݃௡ݖ)
ஶ
௡ୀଵ
, (30)
where ߦଵ௡ = −(ݍଵଷ௡ ଵ݃௡⁄ )ܭ଴(ݍଵଷ௡ݎଵ) + ߞଵଷ௡ ଵߴଵ௡ܭ଴(ݍଵଵ௡ݎଵ) + ߞଵସ௡ߴଵଶ௡ܭ଴(ݍଵଶ௡ݎଵ). 
The resistance of the outer soil, equal to the shear stress of the outer soil at the interface 
between the outer soil and the pile, can be obtained as: 
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ܨଵ = ߤଵ ෍ ܣଵଷ௡ߢଵ௡ܭଵ(ݍଵଷ௡ݎଵ)cos( ଵ݃௡ݖ)
ஶ
௡ୀଵ
, (31)
where: 
ߢଵ௡ = −
ݍଵଷ௡ଶ
ଵ݃௡
+ ߞଵଷ௡ݍଵଵ௡
ߜଵଶ௡ + ߞଵଶ௡݇ௗଵᇱ ߩ௙ݏଶ
ߜଵଵ௡ߞଵଶ௡ − ߞଵଵ௡ߜଵଶ௡ + ߞଵସ௡ݍଵଶ௡
ߜଵଵ௡ + ߞଵଵ௡݇ௗଵᇱ ߩ௙ݏଶ
ߞଵଵ௡ߜଵଶ௡ − ߜଵଵ௡ߞଵଶ௡,
ܨଵ(ݖ, ݏ) is the Laplace transform of ଵ݂(ݖ, ݐ). 
3.2. Solutions for the governing equations of the inner soil 
A similar solving procedure can be followed for the inner soil. The boundary conditions of the 
inner soil are as follows: 
ߪ௭ଶ| ௭ୀ଴ = ݌ଶ| ௭ୀ଴ = 0, (32)
൭(ߣଶ + 2ߤଶ)
∂ݑ௭ଶ
∂ݖ + ݇ଶݑ௭ଶ൱อ
௭ୀு
= 0, (33)
ݑ௥ଶห ௥ୀ௥మ = ݓ௥ଶห ௥ୀ௥మ = 0, (34)ݑ௥ଶ| ௥ୀ଴ < ∞,   ݑ௭ଶ| ௥ୀ଴ < ∞, ߪ௭ଶ| ௥ୀ଴ < ∞, (35)
where ߪ௭ଶ is the normal stress of the inner soil. 
In view of the above boundary conditions of the inner soil, the solutions for the inner soil can 
be derived as follows: 
ܧଶ = ෍ ܣଶଷ௡[ߴଶଵ௡ܫ଴(ݍଶଵ௡ݎ) + ߴଶଶ௡ܫ଴(ݍଶଶ௡ݎ)ሿsin(݃ଶ௡ݖ)
ஶ
௡ୀଵ
, (36)
ଶܲ = ෍ ܣଶଷ௡[ߴଶଵ௡߯ଶܫ଴(ݍଶଵ௡ݎ) + ߴଶଶ௡߯ଶଶ௡ܫ଴(ݍଶଶ௡ݎ)ሿsin(݃ଶ௡ݖ)
ஶ
௡ୀଵ
, (37)
௥ܷଶ = ෍ ܣଶଷ௡[ߴଶଵ௡ߞଶଵ௡ܫଵ(ݍଶଵ௡ݎ) + ߴଶଶ௡ߞଶଶ௡ܫଵ(ݍଶଶ௡ݎ) + ܫଵ(ݍଶଷ௡ݎ)ሿsin(݃ଶ௡ݖ)
ஶ
௡ୀଵ
, (38)
௭ܷଶ = ෍ ܣଶଷ௡ ൤ߴଶଵ௡ߞଶଷ௡ܫ଴(ݍଶଵ௡ݎ) + ߴଶଶ௡ߞଶସ௡ܫ଴(ݍଶଶ௡ݎ) +
ݍଶଷ௡
݃ଶ௡ ܫ଴(ݍଶଷ௡ݎ)൨ cos(݃ଶ௡ݖ)
ஶ
௡ୀଵ
, (39)
௥ܹଶ = ෍ ܣଶଷ௡ൣߴଶଵ௡ߜଶଵ௡ܫଵ(ݍଶଵ௡ݎ) + ߴଶଶ௡ߜଶଶ௡ܫଵ(ݍଶଶ௡ݎ) − ݇ௗଶᇱ ߩ௙ݏଶܫଵ(ݍଶଷ௡ݎ)൧sin(݃ଶ௡ݖ)
ஶ
௡ୀଵ
, (40)
௭ܹଶ = ෍[ߴଶଵ௡ߜଶଷ௡ܫ଴(ݍଶଵ௡ݎ) + ߴଶଶ௡ߜଶସ௡ܫ଴(ݍଶଶ௡ݎ)
ஶ
௡ୀଵ
        −݇ௗଶᇱ ߩ௙ݏଶ
ݍଶଷ௡
݃ଶ௡ ܫ଴(ݍଶଷ௡ݎ)൨ cos(݃ଶ௡ݖ),
(41)
where: 
ݍଶଵ௡ଶ = ߚଶ + ݃ଶ௡ଶ ,   ݍଶଶ௡ = ݃ଶ௡, ݍଶଷ௡ଶ =
ߩଶݏଶ
ߤଶ + ݃ଶ௡
ଶ ,
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ߴଶଵ௡ =
(ߜଶଶ௡ + ߞଶଶ௡݇ௗଶᇱ ߩ௙ݏଶ)ܫଵ(ݍଶଷ௡ݎଶ)
(ߜଶଵ௡ߞଶଶ௡ − ߞଶଵ௡ߜଶଶ௡)ܫଵ(ݍଶଵ௡ݎଶ), ߴଶଶ௡ =
(ߜଶଵ௡ + ߞଶଵ௡݇ௗଶᇱ ߩ௙ݏଶ)ܫଵ(ݍଶଷ௡ݎଶ)
(ߞଶଵ௡ߜଶଶ௡ − ߜଶଵ௡ߞଶଶ௡)ܫଵ(ݍଶଶ௡ݎଶ), 
ߚଶ =
݇ௗଶᇱ (ߩଶ − ߩ௙)ݏଶ + ݏ
݇ௗଶᇱ (ߣଶ + 2ߤଶ) , tan
(݃ଶ௡ܪ) =
݇ଶ
݃ଶ௡(ߣଶ + 2ߤଶ), ߞଶଵ௡ =
ݍଶଵ௡(߯ଶ − ߣଶ − ߤଶ)
ߤଶߚଶ − ߩଶݏଶ , 
ߞଶଶ௡ = −
ݍଶଶ௡
ߩଶݏଶ ,   ߞଶଷ௡ =
݃ଶ௡(ߣଶ + ߤଶ − ߯ଶ)
ߤଶߚଶ − ߩଶݏଶ , ߞଶସ௡ =
݃ଶ௡
ߩଶݏଶ , ߯ଶ = (ߣଶ + 2ߤଶ)ߚଶ − ߩଶݏ
ଶ, 
ߜଶଵ௡ = −݇ௗଶᇱ ൫߯ଶݍଶଵ௡ + ߞଶଵ௡ߩ௙ݏଶ൯, ߜଶଶ௡ = −݇ௗଶᇱ ൫ݍଶଶ௡ + ߞଶଶ௡ߩ௙ݏଶ൯, 
ߜଶଷ௡ = ݇ௗଶᇱ ൫߯ଶ݃ଶ௡ − ߩ௙ݏଶߞଶଷ௡൯, ߜଶସ௡ = ݇ௗଶᇱ ൫݃ଶ௡ − ߩ௙ݏଶߞଶସ௡൯, 
ܧଶ , ଶܲ , ௥ܷଶ , ௭ܷଶ , ௥ܹଶ  and ௭ܹଶ  are the Laplace transforms of ݁ଶ , ݌ଶ , ݑ௥ଶ , ݑ௭ଶ , ݓ௥ଶ  and ݓ௭ଶ , 
respectively. 
The vertical displacement of the inner soil at the interface between the inner soil and the pile 
is expressed as: 
௭ܷଶห ௥ୀ௥మ = ෍ ߦଶ௡ܣଶଷ௡cos(݃ଶ௡ݖ)
ஶ
௡ୀଵ
, (42)
where ߦଶ௡ = (ݍଶଷ௡ ݃ଶ௡)⁄ ܫ଴(ݍଶଷ௡ݎଶ) + ߴଶଵ௡ߞଶଷ௡ܫ଴(ݍଶଵ௡ݎଶ) + ߴଶଶ௡ߞଶସ௡ܫ଴(ݍଵଶ௡ݎଶ). 
The resistance of the inner soil can be expressed as: 
ܨଶ = ߤଶ ෍ ܣଶଷ௡ߢଶ௡ܫଵ(ݍଶଷ௡ݎଶ)cos(݃ଶ௡ݖ)
ஶ
௡ୀଵ
, (43)
where: 
ߢଶ௡ =
ݍଶଷ௡ଶ
݃ଶ௡ + ߞଶଷ௡ݍଶଵ௡
ߜଶଶ௡ + ߞଶଶ௡݇ௗଶᇱ ߩ௙ݏଶ
ߜଶଵ௡ߞଶଶ௡ − ߞଶଵ௡ߜଶଶ௡ + ߞଶସ௡ݍଶଶ௡
ߜଶଵ௡ + ߞଶଵ௡݇ௗଶᇱ ߩ௙ݏଶ
ߞଶଵ௡ߜଶଶ௡ − ߜଶଵ௡ߞଶଶ௡,
ܨଶ(ݖ, ݏ) is the Laplace transform of ଶ݂(ݖ, ݐ). 
3.3. Solution for the wave equation of the pile 
Performing Laplace transform on Eq. (11) and substituting Eqs. (30) and (43) into Eq. (11), 
one obtains: 
∂ଶܷ௣(ݖ, ݏ)
∂ݖଶ −
ݏଶ
ܥ௣ଶ ܷ௣(ݖ, ݏ) =
2ߨݎଵ
ܧ௣ܣ ߤଵ ෍ ܣଵଷ௡ߢଵ௡ܭଵ(ݍଵଷ௡ݎଵ)cos( ଵ݃௡ݖ)
ஶ
௡ୀଵ
      + 2ߨݎଶܧ௣ܣ ߤଶ ෍ ܣଶଷ௡ߢଶ௡ܫଵ(ݍଶଷ௡ݎଶ)cos(݃ଶ௡ݖ)
ஶ
௡ୀଵ
,
(44)
where ܥ௣ = ඥܧ௣ ߩ௣⁄ ; ܷ௣(ݖ, ݏ) is the Laplace transform of ݑ௣(ݖ, ݐ). 
The solution for Eq. (44) can be easily derived as: 
ܷ௣ = ܯଵ݁
௦
஼೛௭ + ܯଶ݁ି
௦
஼೛௭ + ෍ ߠଵ௡ܣଵଷ௡
ஶ
௡ୀଵ
cos( ଵ݃௡ݖ) + ෍ ߠଶ௡ܣଶଷ௡
ஶ
௡ୀଵ
cos(݃ଶ௡ݖ), (45)
where: 
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ߠଵ௡ =
2ߨݎଵߤଵߢଵ௡ܭଵ(ݍଵଷ௡ݎଵ)
ߩ௣ܣ(ܥ௣ଶ ଵ݃௡ଶ − ݏଶ) , ߠଶ௡ =
2ߨݎଶߤଶߢଶ௡ܫଵ(ݍଶଷ௡ݎଶ)
ߩ௣ܣ(ܥ௣ଶ݃ଶ௡ଶ − ݏଶ) .
The displacements of the pile and the soils at the pile-soil interfaces are continuous: 
௭ܷଵห ௥ୀ௥భ = ܷ௣, (46)
௭ܷଶห ௥ୀ௥మ = ܷ௣. (47)
Using (46) and (47), it can be obtained that: 
෍ ߦଵ௡ܣଵଷ௡cos( ଵ݃௡ݖ)
ஶ
௡ୀଵ
= ෍ ߦଶ௡ܣଶଷ௡cos(݃ଶ௡ݖ)
ஶ
௡ୀଵ
. (48)
Assuming ߣଵ = ߣଶ, ߤଵ = ߤଶ and ݇ଵ = ݇ଶ, then ଵ݃௡ = ݃ଶ௡. Given ݃௡ = ଵ݃௡ = ݃ଶ௡, one can 
obtain: 
ܣଶଷ௡ =
ߦଵ௡ܣଵଷ௡
ߦଶ௡ . (49)
By invoking the orthogonality of eigenfunctions cosh(݃௡ݖ), ܣଵଷ௡ and ܣଶଷ௡ can be obtained: 
ܣଵଷ௡ = ߦଶ௡(ߛଵ௡ܯଵ + ߛଶ௡ܯଶ), (50)
ܣଶଷ௡ = ߦଵ௡(ߛଵ௡ܯଵ + ߛଶ௡ܯଶ), (51)
where: 
ߛଵ௡ =
׬ ݁
௦
஼೛௭ு଴ cos(݃௡ݖ)݀ݖ
(ߦଵ௡ߦଶ௡ − ߠଵ௡ߦଶ௡ − ߠଶ௡ߦଵ௡)ܮ௡ , ߛଶ௡ =
׬ ݁ି
௦
஼೛௭ு଴ cos(݃௡ݖ)݀ݖ
(ߦଵ௡ߦଶ௡ − ߠଵ௡ߦଶ௡ − ߠଶ௡ߦଵ௡)ܮ௡,
ܮ௡ = න cos(݃௡ݖ)cos(݃௡ݖ)݀ݖ
ு
଴
. 
The boundary conditions at the top and bottom of the pile are as follows: 
∂ܷ௣
∂ݖ ฬ௭ୀ଴ = −
ܲ(ݏ)
ܧ௣ , (52)
ݖ = ܪ0, (53)
where ܲ(ݏ) is the Laplace transform of ݌(ݐ). 
Substituting Eq. (45) into Eqs. (52) and (53), ܯଵ and ܯଶ can be obtained: 
ܯଵ =
ܥ௣ܲ(ݏ)
(ߛ − 1)ݏܧ௣, (54)
ܯଶ =
ߛܥ௣ܲ(ݏ)
(ߛ − 1)ݏܧ௣, (55)
where: 
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ߛ = −
൬݇௣ + ܧ௣ܣ ݏܥ௣൰ ݁
௦
஼೛ு + ෌ (ߠଵ௡ߦଶ௡ + ߠଶ௡ߦଵ௡)ߛଵ௡ൣ݇௣ cos(݃௡ܪ) − ܧ௣ܣ݃௡ sin(݃௡ܪ)൧ஶ௡ୀଵ
൬݇௣ − ܧ௣ܣ ݏܥ௣൰ ݁
ି ௦஼೛ு + ∑ (ߠଵ௡ߦଶ௡ + ߠଶ௡ߦଵ௡)ߛଶ௡ൣ݇௣ cos(݃௡ܪ) − ܧ௣ܣ݃௡ sin(݃௡ܪ)൧ஶ௡ୀଵ
. 
All of the coefficients have been determined. Substituting the above coefficients into Eq. (45), 
the vertical displacement response of the pile can be expressed as: 
ܷ௣(ݖ, ݏ) =
ܥ௣݌(ݏ)
(ߛ − 1)ݏܧ௣ ൥݁
௦
஼೛௭ + ߛ݁ି
௦
஼೛௭ + ෍(ߠଵ௡ߦଶ௡ + ߠଶ௡ߦଵ௡)(ߛଵ௡ + ߛଶ௡ߛ)
ஶ
௡ୀଵ
cos(݃௡ݖ)൩. (56)
The velocity response of the pile in Laplace domain ௣ܸ can be written as: 
௣ܸ(ݖ, ݏ) = ݏܷ௣ 
      = ܥ௣݌(ݏ)(ߛ − 1)ܧ௣ ൥݁
௦
஼೛௭ + ߛ݁ି
௦
஼೛௭ + ෍(ߠଵ௡ߦଶ௡ + ߠଶ௡ߦଵ௡)(ߛଵ௡ + ߛଶ௡ߛ)
ஶ
௡ୀଵ
cos(݃௡ݖ)൩. (57)
Given ݏ = ݅߱, the Laplace transform can be considered as one-side Fourier transform. The 
frequency domain velocity admittance of the pipe pile at the pile head is defined as [4, 20]: 
ܪ௩ =
ܷ݅߱௣(0, ݅߱)
ܲ(݅߱) =
ܥ௣[ߛ + 1 + ∑ (ߠଵ௡ߦଶ௡ + ߠଶ௡ߦଵ௡)(ߛଵ௡ + ߛଶ௡ߛ)ஶ௡ୀଵ ሿ
ܧ௣(ߛ − 1) . (58)
The time-domain displacement and velocity of the pile can be obtained by numerical inverse 
Fourier transform: 
ݑ௣(ݖ, ݐ) =
1
2ߨ න ܷ௣(ݖ, ݅߱)݁
௜ఠ௧݀߱
ାஶ
ିஶ
, (59)
ݒ௣(ݖ, ݐ) =
1
2ߨ න ௣ܸ(ݖ, ݅߱)݁
௜ఠ௧݀߱
ାஶ
ିஶ
. (60)
4. Numerical results and discussions 
Numerical results are presented to verify the correctness of this solution and analyze the 
vibration characteristics of the pile-soil system. In the following analysis, the velocity admittance 
in frequency domain as well as the displacement and velocity responses in time domain of the pile 
are expressed as dimensionless values. 
4.1. Velocity admittance in frequency domain 
To verify the accuracy of the solution derived in this paper, the present solution is compared 
with that for an end bearing solid pile. By setting ݎଶ = 0 and ݇௣ = ݇ଵ = ݇ଶ = ∞, the elastic 
bearing pipe pile can be reduced to an end bearing solid pile. Fig. 2 shows the comparison of the 
velocity admittance between the reduced solution in this paper with the solution proposed by Yu 
et al. [13], where the frequency is transformed to dimensionless values by order of ߠ = ߱ ܪ ܥ௣⁄ . 
It can be noted that great agreement is obtained between the two solutions. 
The difference between the pipe pile and solid pile is the existence of the inner soil. The outer 
soil and inner soil both provide resistance to the pile under dynamic loading. Fig. 3 shows the 
influence of the existences of the outer and inner soil on the velocity admittance of pile. It is noted 
that the oscillation amplitudes when only the outer soil exists are larger than those when both of 
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the outer and inner soil exist. It shows that the existence of the inner soil has valuable influence, 
and the interaction between the pile and the inner soil cannot be neglected. Furthermore, the 
oscillation amplitudes of the velocity admittance of pile when only the inner soil exists are larger 
than those when only the outer soil exists, especially at the initial frequencies. It indicates that the 
outer soil provides more resistance than the inner soil, and the influence of the outer soil is more 
obvious than the inner soil. 
 
Fig. 2. Comparison of the velocity admittance 
between the present solution and Yu et al. (2008) 
 
Fig. 3. The influence of the existences of the outer 
and inner soil on the velocity admittance 
The influence of the geometry of the pipe pile on the velocity admittance is shown in Fig. 4. It 
is noted that with the decrease of ܪ/ݎଵ, the oscillation amplitudes increase. That means the smaller 
slenderness ratio, the larger oscillation amplitudes of velocity admittance. It is because the 
impedance of pile and radiation damping increase as the slenderness ratio increases. It is also 
found that the oscillation amplitudes decrease with the decrease of ݎଵ/ݎଶ . That means the smaller 
thickness of the pile wall, the smaller oscillation amplitudes of velocity admittance. The influence 
of the dynamic permeability coefficients of the soils on the velocity admittance is shown in Fig. 5. 
It is noted that the oscillation amplitudes of the velocity admittance increase slightly with the 
increase of the dynamic permeability coefficients of the soils. 
 
Fig. 4. The influence of the pile geometry on the 
velocity admittance 
 
Fig. 5. The influence of the dynamic permeability 
coefficients of the soils on the velocity admittance 
4.2. Velocity response in time domain 
The semisinusoidal impulse load is usually used to simulate the loading in dynamic pile testing 
[4, 20]. The time history of the semisinusoidal impulse is shown in Fig. 6(a), where ଴ܲ is the 
amplitude of the impulse load; ଴ܶ is the pulse width; ߬ is the dimensionless time, and ߬ = ݐ ܥ௣ ܪ⁄ . 
Firstly the results of the proposed solution are compared with 3D dynamic finite element analysis 
performed with the software ABAQUS. Eight-node, isoparametric finite elements are used to 
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model the pipe pile and soil (Fig. 7). Infinite elements were placed on the surrounding boundary 
to reduce the total number of elements and provide “quiet” boundaries to prevent stress wave 
reflected at the far boundaries coming back to the domain of interest. The comparison of the 
velocity response at the pile head subjected to a semisinusoidal impulse is shown in Fig. 8. It can 
be seen that the proposed analytical solution are in close agreement with the FEM result. 
The influences of the soil existences, pile geometry and dynamic permeability coefficients of 
soils on the time domain velocity response at the pile head subjected to a semisinusoidal impulse 
are presented in Figs. 9-11. It can be found from Fig. 9 that the reflected wave signals of the pile 
top in the velocity curves when only the outer soil exists are larger than those when both the outer 
and inner soil exist, while those when only the inner soil exists are much larger than the two others. 
Fig. 10 indicates that the reflected wave signals increase with the decrease of ܪ/ݎଵ and decrease 
with the decrease of ݎଵ/ݎଶ. Fig. 11 shows that the reflected wave signals increase slightly with the 
increase of the dynamic permeability coefficients of the soils. 
 
a) Semisinusoidal impulse 
 
b) Triangular impulse 
Fig. 6. Transient loading considered in the analysis 
 
Fig. 7. The 3D FEM mesh used for the numerical simulation of the problem 
Fig. 8. Comparison between the analytical solution 
and FEM result 
 
Fig. 9. The influence of the existences of the outer 
and inner soil on the reflected wave signals 
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4.3. Displacement response in time domain 
The triangular pulse is one of the commonly used types of transient loading in 
vibroengineering, which is shown in Fig. 6(b). Fig. 12 shows the time histories of non-dimensional 
displacement of the pile head of a pipe pile, a solid pile with the same area and a solid pile with 
the same perimeter. It is found that the displacement of a pipe pile is much smaller than that of a 
solid pile. The peak displacement of the pipe pile is about 23.5 % smaller than that of the solid 
pile with the same area, and almost half of that of the solid pile with the same perimeter. It can be 
concluded that use of pipe piles can efficiently decrease the vibration range of pile foundations. 
 
Fig. 10. The influence of the pile geometry on the 
reflected wave signals 
 
Fig. 11. The influence of the dynamic permeability 
coefficients of the soils on the reflected wave signals 
 
Fig. 12. Time histories of non-dimensional displacement of  
the pile head between pipe piles and solid piles 
5. Conclusions 
The longitudinal coupled vibration of a concrete pipe pile with saturated soil is studied in this 
paper. The frequency domain solution is obtained by directly solving the governing equations of 
soils without introducing potential functions. The solving process and the solution are more 
concise, and the physical conceptions are more precise. The time domain results are obtained by 
using numerical inverse transformation. Some selected numerical results are given to analyze the 
effects of pile geometry and soil existences on the coupled vibration characteristics of the concrete 
pipe pile and saturated soil. The following conclusions can be obtained: 
1) For a pipe pile, the inner soil also provides resistance during the vibration. The dynamic 
interaction between the pile and the inner soil must be considered. Nevertheless, the influence of 
the outer soil is much larger than that of the inner soil. 
2) The oscillation amplitudes of velocity admittance and reflected wave signals increase with 
the decrease of slenderness ratio, while they decrease with the decrease of the outer and inner 
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radius ratio. Furthermore, they increase with the increase of the dynamic permeability coefficients 
of the soils. 
3) The peak displacement of the pipe pile is about 23.5 % smaller than that of the solid pile 
with the same area, and almost half of that of the solid pile with the same perimeter. Use of pipe 
piles can efficiently decrease the vibration range of pile foundations. 
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